In this paper, we present and study the mathematical model of HBV dynamics with logistic hepatocyte growth and cytotoxic T-lymphocyte (CTL) response. The positivity and boundedness of solutions for nonnegative initial data are proved. The stability of disease-free equilibrium and endemic equilibrium are analyzed. Numerical simulations are performed and oscillatory convergence is observed.
Introduction
Hepatitis B virus (HBV) is a worldwide public health problem with more than 5 million deaths annually [4] . This sever disease can be transmitted easily through contact with infected body fluids [5] and it is, for example, 100 times more infectious than HIV (human immunodeficiency virus) [1, 10] .
In the last two decades, many mathematical models have been developed to describe and understand the dynamics of HBV infection [7, 8, 11] . Recently, some works have improved the previous models by replacing the constant infusion of healthy hepatocytes with a logistic growth function [2, 3, 6, 9] , this change enriches the dynamics of the HBV pathogenesis model. In this paper, we will consider the logistic hepatocyte growth, the standard incidence functions and we will study the role of the cellular immune system in controlling viral replication. For this purpose, the model that we consider is formulated by the following system of equations:
(t)x(t) T (t) , dy dt = β v(t)x(t) T (t) − ay(t) − py(t)z(t),
dv dt = ky(t) − µv(t), dz dt = cy(t)z(t) − bz(t),
The initial data are:
In this model, x, y, v and z denote the concentration of uninfected cells, infected cells, free virus and CTL cells, respectively. The uninfected hepatocytes grow at a rate that depends on the liver size, T m , at a maximum per capita proliferation rate r. The healthy hepatocytes become infected by the virus at a rate β vx T , where β is the mass action constant. Infected cells die at a rate ay and are killed by the CTL response at a rate pyz. Free virus is produced by infected cells at a rate ky and decays in the presence of the immune system at a rate µv. Finally, CTLs expand in response to viral antigen derived from infected cells at a rate cyz and decay in the absence of antigenic stimulation at a rate bz.
The paper is organized as follows. The positivity and boundedness of solutions along with the equilibria and their stability is established in the next section. The Section 3 deals with the some numerical simulations of the model. Finally, short conclusions are given in the last section.
2 Analysis of the model
Positivity and boundedness of solutions
For the problems deal with cell population evolution, the cell densities should remain non-negative and bounded. In this subsection, we will establish the positivity and boundedness of solutions of the model (1.1). First of all, for biological reasons, the parameters x 0 , y 0 , v 0 and z 0 must be larger than or equal to 0. Hence, we have the following result:
Proposition 2.1. The solutions of the problem (1.1) exist. Moreover, they are bounded and nonnegative.
Proof. First, we will show the nonnegative orthant IR
is a positively invariant region. Indeed, for (x(t), y(t), v(t), z(t)) ∈ IR 4 + we have:
Therefore, all solutions initiating in IR 4 + are positive. Adding the two first equations in (1.1), we have:
we obtain:
we conclude that T is bounded, which means also that x and y are bounded. From the third equation of (1.1), we have:
Since (1 − e −µt ) ≤ 1, we conclude that v is bounded. From the last equation of the system (1.1), we have:
Since T is bounded, thus z is also bounded.
The equilibrium points
In this subsection, we will study the stability of the disease-free equilibrium and the endemic equilibrium points. System (1.1) has an infection-free equilibrium E f = (T m , 0, 0, 0), representing the healthy and disease free liver.
By a simple calculation, the endemic equilibrium points of the problem (1.1) are:
and
The three first points E 1 , E 2 and E 3 symbolize the persistent and chronic HBV infection. The point E 4 represents the complete liver failure and no healthy cell remains, the evolution of the tissue in this case means that the patient dies; The case E 5 is not possible biologically because its fourth component is a strictly negative number; however the number of CTL cells should be always nonnegative. Since these two last points do not present any biological interest, we will not study their stability.
The stability analysis
First, the jacobian matrix of the system (1.1) is given by:
by simple calculation the basic reproduction number is given by:
Proposition 2.2. The free equilibrium point E f is locally asymptotically stable when R 0 < 1 and unstable when R 0 > 1.
Proof. The characteristic polynomial of the jacobian matrix (2.1) at E f is given by:
then the eigenvalues of the jacobian matrix at E f are:
The three first eigenvalues are negative while the fourth is negative when R 0 < 1. We conclude that the free-equilibrium point E f is locally asymptotically stable when R 0 < 1 and unstable when R 0 > 1. 
Proof. First the endemic equilibrium point E 1 can be rewritten as follows:
with R * = a + r r The characteristic polynomial of the jacobian matrix (2.1) at E 1 is given by:
It is clear that the endemic point E 1 exists when a 0 > 0 and a 2 > 0. We have also that a 2 a 1 > a 0 when δ > σ with
.
From Routh-Hurwitz criterion, we conclude that the endemic-point E 1 is locally stable when δ > σ and D 0 < 1, with
Proposition 2.4. If H Z > 1 or R 0 < 1, the endemic point E 2 = (x * , y * , v * , z * ) does not exist. The free equilibrium point E 2 is locally asymptotically stable when R 0 > 1 and H Z < 1. Here
Moreover, we have the fraction ration of the infected cells verifies:
Proof. The endemic equilibrium point E 2 can be rewritten as follows: The jacobian matrix of the system (1.1) at E 2 is given by:
The characteristic equation associated to J E 2 is given by:
where
From the Routh-Hurwitz theorem applied to the fourth order polynomial, the eigenvalues of the jacobian matrix J , from which, we deduce
The stability analysis of the point E 3 is omitted since it is similar to the study of E 2 .
Numerical simulations
The numerical simulations are performed by using the explicit Euler finitedifference scheme method. Attention will be focused on the numerical stability of the endemic-equilibrium E 2 = (x * , y * , v * , z * ), corresponding to non vanishing CTL response. In our study, all the parameters of the simulations are the same as in [3] , except the three new parameters to the problem (1.1); p, c and b are chosen adequately. Figure 1 shows the evolution of the infection during the 150 first days. It is interesting to point out that with cellular immune response the oscillations are damped much faster and tend quickly to its equilibrium comparing with the previous model without this response [3] , in which the oscillations are maintained for nearly 800 days. Also, we remark that the CTL response reduces virus replication, decreases the value of the infected cells and increases the healthy cells. Figure 2 shows the oscillatory convergence to the endemic point E 2 = (1.999e+11, 6.666, 3.078403e+3, 5.77164e+2) in the parametric plans with CTL response in the x-axis; the three plots confirm the previous results and show that E 2 is a locally asymptotic stable point. These numerical results are in good agreements with the theoretical result proved in the Proposition (2.4); since with our given parameters we have R 0 = 9.32 > 1 and H Z = 8.6195e-11 < 1. Finally and surprisingly, the lower and upper bound of the fraction of infected hepatocytes in this chronic state y * x * +y * = 3.33e-11 depend only on the parameters describing the CTL dynamics and on the total liver size. This interesting result proves that the fraction of infected hepatocytes is controlled by the CTL immune response. 
Conclusion
In this work, we have studied the model describing the dynamics of the hepatitis B viral infection model with logistic hepatocyte growth and CTL response. The model includes four equations illustrating the interaction between the uninfected cells, infected cells, HBV virus and CTL cells. The positiveness and the boundedness of solutions are established. Furthermore, we have studied the stability of both disease-free equilibrium and endemic equilibrium. Finally, numerical simulations are performed in order to show the behavior of infection during time. It was shown that in the presence of CTL immune response, the infection dies out more faster comparing with the previous model without this response and the fraction of infected hepatocytes is controlled by the parameters describing this immune response. Furthermore, the results of this work confirm that the cellular immunity may control viral replication and reduce the infection.
